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Exercise 1 In this exercise we will show that in a Grand Unified Theory with a single

coupling, that has the SM group as a subgroup, there is a condition between the coupling

constants stemming from pure group theory normalization. Let us define the set of all SM

fermions of a single family as
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where ¢ = R, G, B, the color quantum number of the quarks
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QCD generators are normalised usually as 7% = %gsx\i where A\ are the Gell-Mann

matrices. Consider the generator

T = 595)\3 . A3 =diag(+1,-1,0) (2)
Show that the sum over all particles in S of the squares of the eigenvalues of T3 is equal
to
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SU(2), generators are also normalised as T° = %gai, where o* are the Pauli matrices.

Show that the sum over all particles in S of the squares of the eigenvalues of T2 is equal

to
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The U(1) eigenvalue, Y, of each particle are normalised so that Y = T3 — @, where
T3 = 41,0 depending on whether the particle is in the upper or lower part of an SU(2)
doublet, or whether it is an SU(2) singlet, respectively. Show that the sum over all
particles in S of the square of the eigenvalue of the U(1) generator, ¢'Y is equal to
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Requiring that the three sums are equal at and above the unification scale provides the

condition

9s(M) = g(M) =1/ 59/ (M) (6)

Exercise 2 The coupling of a gauge theory depends on the typical scale at which the inter-
action takes place. The dependence is determined by the Renormalization Group Equation
(RGE), that, in general, has the form
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where we ignore higher order terms that appear because of renormalization beyond the one-
loop level. Integrate this equation from a low scale u to the GUT scale M, to get
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There is one such equation for each SM coupling, g¢s,g,¢’, with different constants
Biss Brw, By . We will use
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where ng4 is the number of generations, now known to be equal to 3.

Assuming unification at scale M, i.e. that g;(M) = g(M) = {/2¢g'(M), show that, setting
n=m, we can get
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Does this results depend on the number of generations, n,? Finally, assume the RG equation

is known one order higher, that is
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Integrate it to find g(u).

Reminder: e = gsin Oy = ¢’ cos Oy



