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Exercise 1 In order to renormalise the qq̄g vertex in QCD we simply write down all the

QCD corrections (to the order to which we want to renormalise the theory) to this vertex.

Subsequently we absorb all the ultraviolet poles into the Z coefficients. Convince yourself

that at the next to leading order the contribution is given by the following two diagrams.

δVqq̄g =

i, p1

k + p1

j, p2

k − p2

k ↑
a, µ

p1 + p2

= V1

+

i, p1 k + p1

j, p2
k − p2

k ↑

55

a, µ

p1 + p2

= V2

It should be noted that in general here the external particles will not be onshell and that the

fermions can be massive.

a) Prove the identities

tbtatb = (CF −
Nc

2
)ta

tbtcfabc = i
Nc

2
ta

(1)

where the ta are generators in the fundemental representation of SU(N).

b) Use the QCD Feynman rules (omitting external spinors and polarisation vectors) in Feyn-

man gauge to show that the above diagrams may be expressed as

V1 = −g3µ3ǫ(tbtatb)ji

∫

ddk

(2π)d
γν(6k − 6p2 +m)γµ(6k + 6p1 +m)γν

[(k − p2)2 −m2][k2][(k + p1)2 −m2]

V2 = ig3µ3ǫ(tbtc)jif
abc

∫

ddk

(2π)d
γν(6k −m)γδ[gµ

ν (k − p1 − 2p2)δ + gνδ(p2 − p1 − 2k)µ + g
µ
δ (k + 2p1 + p2)ν ]

[k2 −m2](k − p2)2(k + p1)2
.

(2)



c) Use power counting to deduce that only terms proportional to O(k2) in the numerator are

necessary in order to isolate the UV singularities. Further more one can set the masses

to zero, this does not change the behaviour of the Integrals when k → ∞ and even more

radical set the incoming momenta to zero. However this introduces further IR singularities

which will come in through the Feynman parameter integrals. We must some sort of IR

cutoff to omit these.

Hence show that

V UV
1 = −g3µ3ǫtaji(CF −

Nc

2
)

∫

ddk

(2π)d
(2 − d)[2kµ 6k − k2γµ]

(k2)3

V UV
2 = −g3µ3ǫtaji

Nc

2

∫

ddk

(2π)d
2[γµk2 − (2 − d)kµ 6k]

(k2)3

(3)

must contain the correct UV poles.

d) Justify or proof that the following substitution can be used in V UV
1

and V UV
2

.

6kkµ →
k2γµ

d
(4)

Use this to show that

V UV
1 = (−igtajiγ

µ)
αs

4π
Γ(ǫ)(4π)ǫ

(

CF −
Nc

2

)

+ finite

V UV
2 = (−igtajiγ

µ)
αs

4π
Γ(ǫ)(4π)ǫ

(

3Nc

2

)

+ finite

(5)

and thus

V UV = (−igtajiγ
µ)
αs

4π
Γ(ǫ)(4π)ǫ (CF +Nc) + finite.

e) Use the result for V UV in order to renormalise the qq̄g vertex. Do this by letting

gψ̄ 6Aψ → gψ̄ 6AψZ1F .

Why can we identify Z1F = ZgZ2Z
1/2

3
= 1 − αs

4π (CF +Nc)Γ(ǫ)(4π)ǫ?

Given

Z2 = 1 −
αs

4π
CF Γ(ǫ)(4π)ǫ

Z3 = 1 −
αs

4π

(

2nf

3
−

5Nc

3

)

Γ(ǫ)(4π)ǫ

(6)

prove that Zg = 1 − αs

4π

(

11Nc

6
−

nf

3

)

Γ(ǫ)(4π)ǫ.


