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Exercise 1. Abelian anomaly in the path integral formalism

In this exercise, we will consider the anomaly of a local chiral transformation in the path integral
formalism.

The measure of the path integral for fermionic fields transforms as follows under a gauge trans-
formation:

[dψ][dψ̄]→ (detU det Ū)−1[dψ][dψ̄] (1)

where (γ4 ≡ iγ0),

U(x, y) ≡ U(x)δ(4)(x− y) (2)

Ū(x, y) ≡ (γ4 ⊗ 1)U †(x)(γ4 ⊗ 1)δ(4)(x− y) (3)

and U(x) = D ⊗ F is a matrix in with Dirac and flavour indices.

(a) Show that for a unitary local non-chiral transformation

U(x) = exp [iα(x)(1⊗ t)] (4)

where t is Hermitian, U is pseudo-unitary, i.e.
∫
d4y Ū(x, y)U(y, z) = 1δ(4)(x− z).

(b) Show that for a unitary local chiral transformation

U(x) = exp [iα(x)(γ5 ⊗ t)] (5)

where t is Hermitian, U is pseudo-hermitian, i.e. Ū(x, y) = U(x, y).

(c) We now focus on infinitesimal local chiral transformations. Using the property that detA =
exp tr lnM and the Taylor expansion of the logarithm, show that

(detU)−2 = exp

[
i

∫
d4xα(x)A(x)

]
(6)

with
A(x) = −2 tr [γ5 ⊗ t] δ(4)(x− x). (7)

The “δ(4)(x − x)” comes about by taking the analogue of the trace (summing over the
diagonal) for the continuous variable: integrating over the “diagonal” x = y.

This expression needs to be regularized. We achieve that by replacing A with

A(x) = lim
y→x
−2 tr

[
(γ5 ⊗ t)f(− /D2

/M2)
]
δ(4)(x− y) (8)

where Dµ = ∂µ ⊗ 1− i(1⊗ ta)Aaµ, M is the regulator (to be taken to infinity at the end) and f
is such that,

f(0) = 1, f(∞) = 0, sf ′(s) = 0 for s = 0,∞. (9)

(d) Propose functions satisfying (9).
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(e) Use the Fourier representation of the δ-function and a clever rescaling to show that you
can bring (8) into

A(x) = −2M4

∫
d4k

(2π)4
tr
[
(γ5 ⊗ t)f

(
−(i/k + /D/M)2

)]
(10)

(f) Expanding the argument of f and performing a formal Taylor expansion of f around k2,
show that one can bring it further to the form,

A(x) = −
∫

d4k

(2π)4
f ′′(k2)tr

[
(γ5 ⊗ t) /D

4
]

+O(1/M) (11)

Hint. Count the powers of M and the number of γ-matrices you need to get there and argue why

the other terms can be ignored/vanish.

(g) Compute the integral over k (Minkowski!) using the properties (9). You should obtain,∫
d4kf ′′(k2) = iπ2. (12)

(h) Show that

/D
2

= D2
1− 1

4
taF aµν [γµ, γν ]. (13)

(i) Wrapping up and taking the (partial) trace over the Dirac indices, perform the last steps
leading you to the anomaly function:

A(x) = − 1

16π2
εµνρσF aµν(x)F bρσ(x)tr [tatbt]. (14)

For a analysis of the problem with Euclidian path integrals, you might want to read the original
paper: K. Fujikawa, Phys. Rev. Lett. 42, 1195-1198 (1979).

Solution. Weinberg II, Section 22.2 (pp. 362-365).

2



Exercise 2. Magnetic monopoles

Consider the Lagrangian density

L = −1

4
F aµνF

µν,a +
1

2
DµϕD

µϕ− λ

8

(
ϕ2 − η2

)2
(15)

where ϕ is a scalar field in the three-dimensional representation of SO(3), the covariant derivative
is given by

Dµϕa = ∂µϕa − gεabcAbµϕc (16)

and the field strength tensor is

F aµν = ∂µA
a
ν − ∂νAaµ − gεabcAbµAcν (17)

The magnetic monopole solution can be parametrised by the ansatz

ϕa =
H(ξ)

ξ
η
xa
r

(18)

Aai =
εaijxj
gr2

(K(ξ)− 1) (19)

where ξ = gηr.

(a) Show that the covariant derivative is given in terms of this ansatz by

Diϕa =
K(ξ)H(ξ)

gr4
(
r2δai − xaxi

)
+
(
ξH ′(ξ)−H(ξ)

) xaxi
gr4

(20)

(b) Show that the energy of the magnetic monopole is then given by

E =
4πη

g

∫ ∞
0

dξ
1

ξ2

[
1

2
(ξH ′ −H)2 +H2K2 + (ξK ′)2 (21)

+
1

2
(K2 − 1)2 +

λ

8g2
(H2 − ξ2)2

]
(22)

(c) Show that this energy is minimised for

ξ2K ′′ = KH2 +K(K2 − 1) (23)

ξ2H ′′ = 2K2H +
λ

2g2
H(H2 − ξ2) (24)

Solution. We insert the ansatz

ϕa =
H(ξ)

ξ
η
xa
r
, Aai =

εaijxj
gr2

(K(ξ)− 1) (S.1)

(a) We remark

∂i
xa
r

=
δai
r
− xixa

r3
, ∂iξ = gη

xi
r

= g2η2
xi
ξ
, ∂ir

n = nxir
n−2. (S.2)

We calculate the parts in order:

∂iϕa = ∂i

(
H

ξ
η
xa
r

)
(S.3)

= η

(
xixa
r3

ξ

[
H ′

ξ
− H

ξ2

]
+
H

ξ

[
δai
r
− xixa

r3

])
(S.4)

= η

(
xixa
r3

[
H ′ − 2

H

ξ

]
+
δai
r

H

ξ

)
(S.5)
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−gεabcAbiϕc = −gεabc
εbikxk
gr2

(K − 1)
H

ξ
η
xc
r

(S.6)

= −ηH
ξ

1

r3
(K − 1)(xixa − r2δai) (S.7)

= η

(
xixa
r3

[
−H
ξ

(K − 1)

]
+
δai
r

H

ξ
(K − 1)

)
(S.8)

adding up to

∂iϕa − gεabcAbiϕc = η

(
xixa
r3

[
H ′ − H

ξ
− HK

ξ

]
+
δai
r

H

ξ
K

)
(S.9)

= KH
1

gr4
(
r2δai − xixa

)
+
xixa
gr4

(
ξH ′ −H

)
. (S.10)

(b) For the square we need

(r2δai − xixa)(r2δai − xixa) = r4δii + xixixaxa − 2r2xixi = 2r4 (S.11)

(r3δai − xixa)xixa = r4 − r4 = 0 (S.12)

and therefore we have for the kinetic term

1

2
(Dµϕ)(Dµϕ) =

−1

2
(Diϕ)(Diϕ) =

−1

2

g2η4

ξ4
(
2K2H2 + (ξH ′ −H)2

)
. (S.13)

We proceed with the field strength term, we have

∂iA
a
j =

1

g
εajk∂i

(
xk

1

r2
(K − 1)

)
(S.14)

=
1

g
εajk

(
δikr

−2(K − 1)− 2xixkr
−4(K − 1) + xkr

−2K′gη
xi
r

)
(S.15)

=
1

g
εaji

K − 1

r2
+

1

g
xiεajkxk

(
−2r−4(K − 1) + gηr−3K′

)
(S.16)

=
−1

g

K − 1

r2
εaij +

1

g
xiεajkxkr

−4 (ξK′ − 2(K − 1)
)

(S.17)

and therefore

∂iA
a
j − ∂jAai =

−2

g

K − 1

r2
εaij +

1

g
(xiεajkxk − xjεaikxk)r−4(ξK′ − 2(K − 1)). (S.18)

For the non-abelian part we have

εabcA
b
iA

c
j = εabcεbikxkεcjmxm

1

g2
1

r4
(K − 1)2 (S.19)

= (δciδak − δckδai)xkεcjmxm
1

g2
1

r4
(K − 1)2 (S.20)

= xaεijmxm
1

g2
1

r4
(K − 1)2 (S.21)

giving us

F aij =
−2

g

K − 1

r2
εaij +

1

g
(xiεajkxk − xjεaimxm)r−4 (ξK′ − 2(K − 1)

)
− 1

g

(K − 1)2

r4
xaεijmxm. (S.22)

In preparation for the contraction, we calculate

εaijεaij = 6 xiεajkxkxiεajmxm = 2r4 (S.23)

xiεajkxkxjεajmxm = 0 (xiεajkxk − xjεaikxk)2 = 4r4 (S.24)

xaxaεijmεijkxmxk = 2r4 εaij(xiεajkxk − xjεaikxk) = −4r2 (S.25)

εaijxaεijmxm = 2r2 (xiεajkxk − xjεaikxk)xaεijmxm = 0 (S.26)

We insert this into F aijF
ij, a = F aijF

a
ij = (F aij)

2:

(F aij)
2 =

24

g2
(K − 1)2

r4
+

1

g2
4r−4(ξK′ − 2(K − 1)2)2 +

1

g2
(K − 1)4

r8
· 2r4 (S.27)

− 4

g2
(K − 1)(ξK′ − 2(K − 1))(−4r2)r−6 +

4

g2
(K − 1)3

r6
· 2r2 (S.28)

=
1

g2r4
[
8(K − 1)2 + 2(K − 1)4 + 8(K − 1)3 + 4(ξK′)2

]
(S.29)

=
1

g2r4
[
2(K2 − 1)2 + 4(ξK′)2

]
(S.30)
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−1

4
(F aij)

2 =
−g2η4

2ξ4
[
(K2 − 1)2 + 2(ξK′)2

]
(S.31)

We do need the potential term as well, we have

−λ
8

(
ϕ2 − η2

)2
=
−λ
8

η4

ξ4
(
H2 − ξ2

)2
. (S.32)

Now we add things up to arrive at the energy

E = −
∫
d~xL = −

∫
4π

g3η3
ξ2dξ L =

4π

g3η3

∫
ξ2dξ

(
1

4
F aµνF

µν,a − 1

2
DµϕD

µϕ+
λ

8

(
ϕ2 − η2

)2)
(S.33)

=
4πη

g

∫
dξ

1

ξ2

(
1

2
(K2 − 1)2 + (ξK′)2 +K2H2 +

1

2
(ξH ′ −H)2 +

λ

8g2
(H2 − ξ2)2

)
. (S.34)

(c) We assume E[g] =
∫
f(g(x), g′(x))dx and we recall

δE

δg
[ϕ] =

d

dε

∫
f(g + εϕ, g′ + εϕ′)dx

∣∣∣∣
ε=0

(S.35)

=

∫
∂f(g, g′)

∂g
ϕ+

∂f(g, g′)

∂g′
ϕ′dx (S.36)

=

∫ (
∂f(g, g′)

∂g
− ∂

∂x

∂f(g, g′)

∂g′

)
ϕdx (S.37)

where we have assumed that the boundary terms of the partial integration vanish. Therefore we get from
the condition that the derivatives of the energy with respect to K and H should vanish:

δE

δK
= 0⇒ K′′ =

1

ξ2
(
K(K2 − 1) + 2KH2) (S.38)

δE

δH
= 0⇒ H ′′ − H ′

ξ
+
H

ξ2
=

2K2H

ξ2
− H ′

ξ
+
H

ξ2
+

1

ξ2
λ

2g2
H(H2 − ξ2). (S.39)
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