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Exercise 1. Topological charge

Consider a SU(N) gauge theory, with the covariant derivative defined as

Dµ ≡ ∂µ + igAµ, Aµ ≡ AaµT a, F aµν ≡ ∂µAaν − ∂νAaµ − gfabcAbµAcν (1)

where the T a are the generators of SU(N), satisfying [T a, T b] = ifabcT c.

(a) Show that F aµνF̃
µν,a = 1
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The topological charge associated to Kµ is defined as

n ≡ g2

32π2
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Consider an adiabatic transformation

Aµ(t = −∞) = 0 (4)

Aµ(t = +∞) =
i

g
(∂µΛ) Λ−1 Λ =

~x2 − d2
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xkτk (5)

where the τi denote as usual the generators of SU(2): τiτj = δij1 + iεijkτk.

(b) Check that Fµν = 0, so that the topological charge reads

n =
g3

96π2

∫
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24π2

∫
d3x εijktrAiAjAk (6)

Hint. Express fabc from a trace to obtain the last equality.

(c) Show that

Ai(t = +∞) =
−2 d

g(~x2 + d2)2
[
(~x2 − d2)τi − 2(xjτj)xi + 2d εijkxjτk

]
(7)

(d) Compute the topological charge n of this adiabatic transformation.

Hint. Recall the contraction identities for Levi-Civita tensors.
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