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Exercise 1. Linear sigma model

The linear sigma model consists of two Dirac fermions that we arrange in a vector ψ =

(
u
d

)
and four real scalars σ̃ and ~π = (π1, π2, π3) descibed by the Lagrangian density

Llinσ =
1

2
(∂µσ̃)(∂µσ̃) +

1

2
(∂µ~π) · (∂µ~π)− λ

4
(σ̃2 + ~π · ~π − v2)2 + ψ̄i/∂ψ + gψ̄(σ̃ + i~σ · ~πγ5)ψ. (1)

(a) Show that (1) can be recast as

Llinσ =
1

4
tr (∂µΣ)†(∂µΣ)− λ

4

[
1

2
tr Σ†Σ− v2

]2
+ ψ̄Li/∂ψL + ψ̄Ri/∂ψR + gψ̄LΣψR + gψ̄RΣ†ψL

(2)
where Σ ≡ σ̃1 + i~σ · ~π and ψR,L are the right-handed and left-handed parts.

The fields ψR,L and Σ transform accrording to

ψR,L → UL,RψR,L, Σ→ ULΣU †
R, UR,L ≡ exp

(
−1

2
~αR,L · ~σ

)
∈ SU(2). (3)

(b) Using the properties of the Pauli matrices, recover σ̃ and ~π from Σ and deduce their
transformation properties.

Exercise 2. Non-linear sigma model

(a) Using the properties of the Pauli matrices, prove that

U ≡ exp

(
i
~σ · ~ξ
v

)
= cos

(
ξ

v

)
+ i

~σ · ~ξ
ξ

sin

(
ξ

v

)
, ξ = |~ξ|. (4)

The Lagrangian of the non-linear sigma model contains the term

Lnon-linσ ⊃ ∆L =
1

4
(v + S)2tr (∂µU)†(∂µU). (5)

(b) Using (4), express ∆L from S and ~ξ retaining only the terms up to O(1/v).

Hint. You might find the following relation useful: ∂µξ = (~ξ · ∂µ~ξ)/ξ.

(c) What kind of vertices do these term represent?
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