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Magnetization of a two-dimensional electron gas and the role of one-dimensional edge currents
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The influence of the sample edge for the de Haas–van Alphen oscillations in the magnetization of a
two-dimensional electron gas is derived using a single-particle approach. The relation of the concept of
one-dimensional edge channels, taken from the context of the quantum Hall effect, to the oscillatory magne-
tization is investigated. The possibility of a local measurement of the de Haas–van Alphen effect in a two-
dimensional electron gas is discussed.@S0163-1829~99!09511-9#
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The magnetization of a three-dimensional~3D! electron
gas due to the orbital motion of the electrons is a quan
statistical problem which has been solved by Landau i
pioneering paper published in 1930.1 In that paper the
quantum-mechanical energy levels of the electron in a ho
geneous magnetic field are calculated. Today these are
ferred to as Landau levels. It becomes clear that the ma
tization, which turns out to be zero for classical electron2

appears due to the presence of the sample boundary
though Landau considered only the case of high temp
tures (\vc!kT, with the cyclotron frequencyvc and the
temperatureT), he was already aware of the oscillatory b
havior of the magnetization, which was experimentally d
covered in the same year in bismuth at 14.2 K by de H
and van Alphen.3

The magnetization of two-dimensional electron gases
low temperatures and in a strong magnetic fieldH oriented
normal to the plane of the electron motion was calcula
along the same lines as in the work of Landau.4 In contrast to
the 3D case, there is no Landau diamagnetism but the m
netization vanishes as the magnetic field tends to zero. S
lar to the 3D case, in 2D the 1/H-periodic de Haas–van
Alphen oscillations appear. The magnetization of tw
dimensional electron gases~2DEGs! is very small and there
fore difficult to measure. Early experiments relied on t
signal from stacks of 2DEGs.5,6 Recently several author
were able to measure the magnetization of a single-la
2DEG using sophisticated experimental techniques.7–9

In this paper we show how our modern picture of on
dimensional edge channels can be used to obtain the bo
ary term of the magnetization of a 2D electron gas. First,
briefly repeat the standard derivation of the 2DEG magn
zation from the free energy leading to a bulk term and
edge term. Then the physical origin of these two terms
their interplay are discussed. We then evaluate where
equilibrium bulk currents flow in a sample without disord
and show that conventional magnetization measurem
measure mainly the magnetic moment originating from c
rents flowing at the edge of the sample. Finally, we disc
the possibility of a local measurement of the de Haas–
Alphen effect with local scanning techniques.

We consider a two-dimensional electron gas in thex-y
plane with a circular boundary of radiusR around the origin
~see Fig. 1!. The magnetic field,H, is applied in thez direc-
tion. Relevant quantities related toH are the cyclotron fre-
PRB 590163-1829/99/59~11!/7305~3!/$15.00
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quencyvc5eH/me , whereme is the effective mass of the
electron, and the magnetic lengthaH5A\/(eH). Eigenener-
gies and wave functions are calculated in cylinder coor
nates (r,w). Each state is described by two integer numbe
n>0, the radial quantum number, andm, the angular mo-
mentum quantum number. The eigenenergy of stateun,m& is
given byEn,m5\vc@n11/21(m1umu)/2#. The set of states
with energyEN5\vc(N11/2) (N>0 integer! is called a
Landau level. Only states for which the condition 2n1umu
11<R2/(2aH

2 ) is fulfilled lie within the sample boundary
We restrict ourselves to the case of high magnetic fie
wheren is small andR2/(2aH

2 )@1 so that the requiremen
reduces toumu<R2/(2aH

2 )ªL(H), whereL(H) is the num-
ber of states of a Landau level. The magnetic momentM is
calculated from the free energy of the system,

F5Nm2kTL~H ! (
N50

`

lnF11expS m2EN~H !

kT D G , ~1!

wherem is the chemical potential andN is the particle num-
ber. The magnetic moment is then given byM52]F/]H,
leading to

M52kT
A

f0
(
N50

`

lnF11expS m2\vc~N11/2!

kT D G ~2!

22\vc

A

f0
(
N50

` F S N1
1

2D f @\vc~N11/2!#G . ~3!

Here f05h/e is the magnetic flux quantum,A5pR2 is
the sample area, andf (E) is the Fermi-Dirac distribution
function. The second term~3! originates from the statistica
factor ~bulk term! whereas the first one~2! arises due to the

FIG. 1. Sample geometry. The bulk-current density is schem
cally shown.
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7306 PRB 59BRIEF REPORTS
existence of sample boundaries.10 According to Ref. 10, the
magnetic moment can alternatively be calculated by com
ing the statistically weighted sum over the magnetic m
ments of all states. Doing this, however, only the bulk te
is found:

Mbulk52L~H ! (
N50

`
]EN

]H
f ~EN!

522\vc

A

f0
(
N50

` F S N1
1

2D f @\vc~N11/2!#G .
The boundary term can be recovered by taking the st
which are affected by the presence of the boundary, i.e.,
edge states, properly into account.

Although the importance of the sample edge was alre
realized in the early work on the orbital magnetism of fr
electrons, the concept of edge states has recently becom
increasing importance in connection with the discovery a
description of the quantum Hall effect.11 Halperin laid the
foundation for the edge-state concept in a pioneering pap12

The basic idea is that at the sample boundary of a t
dimensional electron gas, the degeneracy of individual L
dau levels is lifted due to the boundary potential. The res
ing edge states can still be thought of as originating from
certain Landau level with indexn but have a one-
dimensional dispersion as a function of angular momen
m. Figure 2 visualizes this idea. Later a self-consistent e
trostatic model of edge channels was developed which le
the existence of compressible and incompressible stripe
the region where edge channels exist.13 The detailed equilib-
rium current distribution at sample edges was predicted
Geller and Vignale.14

In the single-particle picture of Halperin,12 the edge-state
dispersion leads to a drift velocity for each state. All ed
states near a given point at the sample boundary have a
velocity in the same direction. The current carried by
occupied states originating from one Landau levelN is given
by

I N52eE
EN

`

dE
1

h

]En,m

]m

1

]En,m /]m
f ~E!

52kT
1

f0
lnF11expS m2En

kT D G .
In a macroscopic sample the spatial extent of the edge s
will be negligible compared to the sample dimensions a
each edge state will encircle the same areaA of the whole

FIG. 2. Edge-state concept according to Halperin. The disp
sion occurs as a result of the boundary potential.
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sample. The contribution of the edge currents to the m
netic moment of the sample can therefore be approxima
as the sum of the magnetic moments of current loops aro
an areaA leading to

Medge5 (
N50

`

I NA52kT
A

f0
(
N50

`

lnF11expS m2En

kT D G ,
which is exactly the term~2! of the magnetic moment calcu
lated from the free energy.

Now that we know where the currents creatingMedge
flow, it is natural to ask which current density distributio
leads toMbulk . An approximate but still valuable answer ca
be obtained from quantum mechanics by calculating the s
over all currents associated with individual states. The c
rent density of a state (n,m) is given by

j n,m~x!5
2e\

2pmeaH
3

n! ~m1x!

~n1umu!!
xumu

A2x
e2x@Ln

~ umu!~x!#2, ~4!

where x5r2/(2aH) and Ln
(umu)(x) are the generalized La

guerre polynomials. The total bulk current density of a La
dau level can now be numerically calculated by summ
over all quantum numbers representing states within
sample boundaries. An example depicted in Fig. 3 and sc
matically transferred into Fig. 1 shows the main features
the bulk current density of individual Landau levels: first, t
current flows only in the vicinity of the sample boundar
and second, the spatial extent of the current density distr
tion is of the order of the magnetic length for the lowe
Landau level and increases with Landau-level index. T
shows that at sufficiently high magnetic fields, when only
few Landau levels are occupied, the bulk contribution to
magnetic momentMbulk is created by currents flowing at th
sample edge, like the edge contributionMedge. The de
Haas–van Alphen effect therefore arises from the subtle
terplay of bulk and edge currents which both flow at t
sample boundary. Regions away from the boundary do
contribute to the magnetic moment.

This single-particle picture contains neither any se
consistency for the determination of the actual bound
potential13 nor any exchange-correlation effects.14 However,
our aim is to clarify with a straightforward and transpare

r-

FIG. 3. Bulk current density distribution near the edge of t
2DEG for the lowest three Landau levels.
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approach why the sample edge is so important for curr
related phenomena occurring in 2DEGs subject to magn
fields. In their quite involved approach, Geller and Vignale14

have shown that the current in compressible and incompr
ible stripes flows in opposite directions. They distinguish b
tween an ‘‘edge’’ current flowing in the compressible r
gions, which is proportional to the density gradient at t
sample edge, and a ‘‘bulk’’ current flowing in the incom
pressible regions, which is proportional to the gradient of
self-consistent potential. Coming from our approach, it
immediately clear why edge and bulk currents play a role
the sample edge and their diamagnetic and paramagneti
fect becomes obvious. Of course, the full treatment in
current-density functional theory is necessary to obtain
detailed spatial arrangement of the current contributions.

Advances in scanning probe techniques have made it
sible to measure local magnetic stray fields of a specim
down to length scales below 100 nm.15 These techniques wil
be of increasing importance for the investigation of ne
surface magnetic properties of submicron structures. For
local measurement of the de Haas–van Alphen effect,
would have to probe stray fields at the boundary of a 2DE
We estimate typical equilibrium currents to be of the order
M (H)/A, which can be around 250 nA in typical semico
ductor heterostructures at magnetic fields of 5–10 T. T
stray fields which can be measured depend strongly on
distance of the probe to the 2DEG. Realistic values
around 100 nm. Since the oscillations are most pronoun
at high magnetic fields, the employed sensor has to be
sitive under these conditions and it must be able to de
extremely small variations in the local magnetic stray fie
on the background of a huge external field. In order to e
mate the typical size of the stray fields, we assume that
equilibrium current flows in a filament with no extent in th
r and z directions. The stray field at a distanced from the
2DEG plane is then given by

Hr5
2Id

2p@~r2R!21d2#
,

n,
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A
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2p@~r2R!21d2#
.

These functions plotted in Fig. 4 give typical stray fields
0.005 Oe to be detected on a background of, say, 50 k
This means that a resolutionDH/H better than 1027 would
be required for such a measurement.

In conclusion, we have shown how the interplay of bu
and edge contributions to the total current at the boundar
a two-dimenional electron gas leads to the de Haas–van
phen oscillations in the magnetic moment. In contrast to e
lier derivations of the effect, the edge contribution was int
duced using the concept of one-dimensional edge sta
which play an important role for the description of the qua
tum Hall effect. The local measurement of the de Haas–
Alphen effect may be in experimental reach.

FIG. 4. Magnetic stray fields in a plane 100 nm above
2DEG. A total edge current of 250 nA was assumed.
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